
Assignment set 6: Experiments on Dirac fermions 

Problem 1: Fermiology of Dirac surface states: 

Consider the Dirac surface electrons of Bi2Se3, described by a nearly-ideal 

Dirac dispersion with a Dirac velocity equal to 𝑣𝐷 = 5 × 105𝑚/𝑠. The 

Dirac point energy ED (=0) in Bi2Se3 lies 200meV below a parabolic bulk 

conduction edge Ec. We will not consider the valence band in this problem, 

so the dispersion that you need think about is shown in Fig. 1. 

Shubnikov-de-Haas resistivity oscillations are observed when Landau 

quantization occurs; a resistivity minimum in the oscillations typically 

occurs whenever a Landau level with energy 𝐸𝑛 crosses the Fermi level 𝐸𝑓.  

1. (a) For the Dirac surface Landau levels of Bi2Se3, derive an 

expression relating the Landau index 𝑛 to the magnetic field 𝐵 and 

the Fermi wavevector 𝑘𝑓 = 𝐸𝑓/ℏ𝑣𝐷. This expression will allow 

you to extract the Shubnikov-de-Haas frequency F. 

(b) Derive the expression relative n to B for the bulk carrier Landau 

levels (assumed to have a parabolic dispersion). You should obtain the same expression for the 

frequency, up to a phase factor. What is this phase factor?  

2. Compute and plot the expected Shubnikov-de-Haas frequency versus Ef (a) for the Dirac surface 

states for Ef  between 0 and 300meV above ED and (b) for the bulk conduction states (assumed to 

be parabolic) for Ef -Ec between 0 and 100meV. Comment on how the bulk and surface SdH 

frequencies compare. 

It is highly challenging to conclusively observe SdH oscillations from the surface states in Bi2Se3, since the 

Fermi energy typically lies about 50-100 meV above Ec and the bulk band is occupied. There are two main 

differences that can eventually allow one to discriminate between bulk and surface electrons in this case: 

their dimensionality (2D vs 3D) and their effective mass. 

3. Dimensionality: A interesting experiment that can be done to determine the shape of a Fermi 

surface is the measurement of the SdH frequency versus angle F(θ). Since the magnetic field 

quantizes motion in the plane perpendicular to its direction, the Shubnikov-de-Haas effect will 

probe 𝑘𝑓 in this plane (see Fig. 2). Varying θ allows a reconstruction of a 3D Fermi surface by 

measuring 𝑘𝑓(𝜃). 

(a) How do you expect the SdH frequency F(θ)/F(θ=0) to vary with the angle θ for a 2D Fermi 

surface.  

(b) The 3D bulk Fermi surface of Bi2Se3 is ellipsoidal with an anisotropy constant K=1.7 (Phys. 

Rev. B 81 195309 (2010), K=𝑘⊥
2/𝑘||

2). Plot this ellipsoid for E=50meV and derive the angular 

dependence of the Shubnikov de Haas frequency as a function of the angle F(θ)/F(θ=0). 

(c) How does F(θ)/F(θ=0) for the 2D case compare to that for 3D for small angles? 

(d) K increases to 2.5 as the carrier density of Bi2Se3 is increased. Derive an analytical expression 

for F(θ)/ F(θ=0). Plot F(θ)/ F(θ=0) for the 2D Fermi surface and for the 3D Fermi surface with 

K=1.7 and K=2.5.  

(e) In some materials (Pb1-xSnxTe for example, K can be as large as 10). Plot F(θ)/ F(θ=0) in this 

case. Comment on why it can be challenging to differentiate a 2D Fermi surface from an 

anisotropic ellipsoidal Fermi surface in this extreme case. 

FIG 1. Simplified band dispersion of 
Bi2Se3. 



 

FIG 2. Fermi surface cross section for different directions of the magnetic field in the case of a 3D 

ellipsoidal Fermi surface. 

4. Effective mass 

(a) Find the effective m(E) of the Dirac surface states of Bi2Se3 for E between 0 and 300meV above 

the Dirac cone.  

(b) Search the literature for the conduction band effective of Bi2Se3. Recalling that the Fermi 

energy in Bi2Se3 is typically 50meV above Ec (or 250 meV above ED) comment on why it is 

difficult to differentiate bulk and surface electrons using the effective mass. 

(c) Read Nanolett. 15 8245 (2015), pay careful attention and comment on the cyclotron masses 

that are extracted in this work and how they compare to m(E) that you computed in 3(a).  

Problem 2: Topological Kondo Insulators 

The concept of the topological Kondo insulator was introduced in 2009 by Dzero, Sun, Galitski and 

Coleman. In heavy-fermion rare-earth based materials (SmB6, YbB12), levels from 4f orbitals of the rare-

earth element may hybridize with d-levels of other elements present in the structure. This hybridization is 

driven by a Kondo interaction. A simple picture of this state of matter is discussed in this problem. 

Consider a 4f level at E4f=E0=0.1meV intersecting a 5d parabolic conduction level located at E5d=0. Assume 

the 4f level to be flat, and the 5d level to have a dispersion given by: 

𝐸(𝑘) =
ℏ2𝑘2

2𝑚
 

With 𝑚 = 0.1𝑚0. 

1. Plot the two levels in the presence and absence of hybridization. Use a hybridization Hamiltonian 

similar to the one you used in problem 2 of assignment 5 with W=10meV. 

2. Plot the 5d to 4f weight versus energy, and comment on how this hybridization induces a band 

inversion between the two levels. 

3. Read parts 1 and 2 of arxiv1506.05635 and discuss how a topological state may arise as a result of 

this hybridization. Discuss (qualitatively) the Kondo nature of hybridization potential based on a 

literature search. 


